The likelihood of O-GlcNAc glycosylation in human proteins is predicted using the ridge regression estimated linear probability model (LPM). To achieve this, sequences from three similar post-translational modifications (PTMs) of proteins occurring at, or very near, the S/T-site are analyzed: N-glycosylation, O-mucin type (O-GalNAc) glycosylation, and phosphorylation. Results found include: 1) The consensus composite sequon for O-glycosylation is: ~ (W-S/T-W), where "~" denotes the "not" operator.
Introduction

Materials and Methods
Data Collection
a. Data collected on the glycosylated sequences used for analysis herein is stored in an Excel spreadsheet: glycos_public.xlsx (which is available upon request). This data, and key operations performed on it, are described in Table 1 . Data is collected from two resources (dbOGAP [35] and PhosphoSitePlus [36] ) as described in Table 1. b. Structural data is obtained from the Protein Data Bank (PDB) [37] , and the PDB-ID codes used are provided in glycos_public.xlsx in the column labeled PDBID. In dbOGAP, the total number of UniProt sequences is 376; and, of these, 39 have structural information. Several unique structures exist for each of the 39 sequences. This results in the 39 sequences having a total of 998 structures with unique PDB-IDs. Each structure is unique in terms of different ligands/drugs bound to them. Although there is redundancy in this data from a sequence standpoint, these 39 sequences have different structural attributes as defined by phi-psi angles and ASA, which are important structural variables. In order to make sure that these are real structural differences, similar structures were superposed to calculate a RMSD (root-meansquared-deviation). It is confirmed that the resolution of the structures is high enough to believe in the subtle conformational changes captured in the data. The 10 residues to the left of the S/T-site, and the 10 residues to the right of the S/T-site, are superposed to see if the S/T-site displays slightly different conformations. An example is presented in Figure 1 . This example supports the rationale behind using all of the redundant sequences for regression model building. It is not surprising that the S-site, in this example, is flexible enough to accommodate its role in a multitude of cellular c. The sequence and taxonomy information for the data used in the analysis are extracted from the UniProtKB database (www.uniprot.org) and shown in columns labeled Uniprot_Accession_No and Protein_Organism in glycos_public.xlsx [38] . The ligand information (see column labeled Ligand_Sequence in glycos_public.xlsx) is obtained from the PDBsum database [39] d. Accessible Surface Area (ASA) values (see column labeled ASA in glycos_public.xlsx) are obtained using the ASAView tool and database [40] . The definitions in the ASAView tool are used to classify the amino acids into five categories: positively charged residues (R, 
, H), negatively charged residues (D, E), polar uncharged residues (G, N, Y, Q, S, T, W), Cysteine (C), and hydrophobic residues (L, V, I, A, F, M, P).
Results from examining the empirical data
The distribution of groups of residues around the O-GlcNAc glycosylated proteins, in dataset dbogap-seq, is shown in Table 2 . It is striking that the immediate vicinity of the S/T-site is predominantly polar uncharged and hydrophobic at position -1 and +1, respectively.
The marginal distributions of residues in the vicinity of the O-GlcNAc and O-GalNAc glycosylated sequences are shown in Table 3 and Table 4 , respectively. About 10% or more of the sequences in positions -4 thru -8 have S, P, or A in Table 3 ; positions -2 and -3 are proline rich; and amino acids C, F, M, and W do not occur much. There are some differences between amino acid preferences in O-GlcNAc and O-GalNAc glycosylated sequences. As reported by earlier studies, the vicinity of the S/T-site in O-GalNAc glycosylated sequences is proline rich.
The marginal distributions of residues in phosphorylated sequences are shown in Table 5 . Along the sequence, S tends to show up the most in phosphorylated sequences. There are higher percentages of charged amino acids in these sequences, as well. While visual inspection of amino acids in the vicinity of these sites provide some indication of their preferences and charge distributions, a subjective analysis cannot be done. Therefore, statistical analysis of the data is done in this paper to provide more rigorous indications of the same. Empirical analysis suggests that given a set of sequences for a particular PTM of proteins, the proportions of an amino acid occupying positions (e.g., ±8 from the S/T-site) along a sequence can discriminate between two PTMs of proteins. This is tested using the Wilcoxon signed-rank test [41] and the results are shown in Table 6 . For example, in Table 3 and Table 5 , the proportions of occurrence of amino acid F along seven positions to the left/right of the S/T-and S/T/Y/H-sites in O-GlcNAc glycosylated and phosphorylated sequences, respectively, appear different under pairwise comparison (i.e., the amino acid proportions along one row of one Table are compared, pairwise, with the proportions of that same amino acid along the corresponding row of the other Table) . The Wilcoxon signed-rank test is used to determine if these two sets of proportions are statistically different. As shown in Table 6 , detected differences are flagged as "1" and by "0" otherwise. Table 6 indicates that using amino acids in the positions they occupy as "explanatory variables" to predict O-glycosylation is reasonable. In contrast, the proportions of amino acids in a particular position for one PTM process are not statistically different from the proportions of amino acids in that same position for another PTM process. For example, the Wilcoxon signed-rank test applied to compare, pairwise, the proportions in any column of Table 3 with those in the corresponding column of Table 4 shows the pairwise differences are not statistically significant. This same result holds when comparing the columns of Table 3 with the corresponding ones in Table 5 ; and those of Table 4 with the corresponding ones in Table 5 . Table 7 presents the counts of sequences in the empirical data that are common between the different PTMs of proteins considered herein (i.e., intersections of two sets of sequences are calculated). Table 8 lists 13 proteins that are N-glycosylated at N and phosphorylated at the second position to the right of N, which is S/T. The majority of these proteins are receptors involved in signaling and are phosphorylated via a threonine residue. What roles these phosphorylation sites play require further analysis and experimentation. Data (see Table 1 ) on three PTMs of proteins, increasing in sample size, is collected to identify a consensus sequon: O-GlcNAc glycosylation, O-GalNAc glycosylation, and phosphorylation, which is an important and pervasive PTM of proteins [42] that occurs, generally, at the S/T/Y-site. It has also been found to occur at the H-site [43] . Several sequons are tested to see if a consensus sequon exists. The outcome of these tests is shown in Table 9 . As can be noted, the sequon W -S/T -W does not occur in the collected set of O-glycosylated sequences. Thus, ~ (W -S/T -W) is likely a consensus composite sequon for O-glycosylation, where, following Principia Mathematica [44] , "~" denotes the "not" operator. This means there are 3 sequons that satisfy ~
(W -S/T -W): ~W -S/T -W, W -S/T -~W, or ~W -S/T -~W.
An important question is whether, as sample size increases, W -S/T -W continues not to occur at all in O-glycosylated sequences. The answer to this question has to wait until much larger sets of O-glycosylated sequences are available for study. In the meantime, one can approach this question in another way. The N -~P -S/T sequon is considered a necessary [45, 46] , but not sufficient, condition for N-glycosylation. This is another important PTM of proteins. Its likelihood is modeled in Gana et al. In the strictest sense, this is a true statement if the occurrence of P in the position between N and S/T is an "absolute" inhibitor of N-glycosylation [47] -i.e., if the N -~P -S/T sequon is never observed in N-glycosylated sequences. However, this is not the case. Rather, the word "absolute" is used in a probabilistic sense: the fact that N -P -S/T occurs "rarely" is sufficient for N -~P -S/T to be termed a "consensus" sequon. In particular, a partial search for the N-P-S/T sequons in UniProt revealed 23 such sequons associated with Nglycosylated human proteins. In contrast, 16 (0.0066% + 0.004% = 0.007%) of the 227,810 phosphorylated human sequences in Table 9 
The sequon for C-linked glycosylation is W-X-X-W or W-S/T-X-C.
Analysis of the data indicates that the presence of W immediately before and immediately after the S/T-site (S/T/Y/H-site) disallows O-glycosylation (phosphorylation). Furthermore, the occurrence of N two positions to the left of the S/T-site is relatively rare in O-glycosylation. Thus, nature appears to have evolved distinct sequons and amino acid propensities unique to each of the PTMs discussed herein. Table 9 indicates that the majority (98.54% + 0.24% = 98.78%) of O-GlcNAc glycosylated sequences have the ~N -X -S/T sequon. In contrast, these sequences having the N -~P -S/T sequon is small (1.22%). Thus, for LPM estimation, the set of N-glycosylated sequences in Gana et al. [34] is considered to be a reasonable approximation for non-Oglycosylated sequences. By discriminating between the features of O-and non-Oglycosylated sequences, respectively, the LPM estimates the likelihood of O-glycosylation. Because 1.22%, rather than 0%, of the O-glycosylated sequences have the N -~P -S/T sequon, the ambiguity regarding what constitutes a set of sequences that cannot be Oglycosylated has not been completely removed. However, that ambiguity has been considerably reduced. [48] Using the data in Gana et al., O-GlcNAc glycosylation is modeled by including the amino acids in 8 positions to the right, and 8 positions to the left, of the S/T-site as possible explanatory variables. The collected data on N-glycosylated sequences described in Gana et al. [34] have 10 positions to the right, and 10 positions to the left, of the N-site. Because training the LPM to discriminate between O-and not O-glycosylated proteins must focus on the S/T-site as center for all proteins in the estimation dataset, only 8 positions to the right of S/T are available for use in that data. The remaining possible explanatory variables are the collected structural data on the proteins.
When the LPM is applied to out-of-sample data, other types of O-glycosylated sequences may be a part of it. To assess the sensitivity of the mispredictions rate, the LPM of OGlcNAc glycosylation is applied to a sample of O-GalNAc glycosylated sequences. The modeling and validation strategy is summarized in Table 10 . 
This again indicates that ~ (W -S/T -W) is likely necessary for Oglycosylation
Estimating the two LPMs
LPM predictions using sequence and structural data
Based on the collected data (glycos_public.xlsx), as in Gana et al. [34] , the i th position to the left (right) of S/T is minusi (plusi). If amino acid α occupies i, then: minusiα = 1 if α is to the left of S/T and plusiα = 1 if α is to the right of S/T; otherwise, these indicator variables take the value 0. Thus, 140 (20 × 8 -20) and 160 (20 × 8) indicator variables define the left and right neighborhoods of S/T, respectively. The ratio (posj) of the position of the glycosylation site (S/T or N) to the total length of protein j is also assumed to be an explanatory variable. Finally, it is assumed that the structural information on the sequences are additional explanatory variables.
Let Yj be the binary dependent variable that takes the value 1 if sequence j is O-glycosylated and 0 if it is not (N-glycosylated). Then, the postulated LPM (indexed as EQ1) is:
where β0 , βiα , φiα , λ , δ , π , θk , ω1 and ω2 are constants (coefficients) estimated using the data; Σα , Σi denote summations over significant amino acid and position combinations, respectively, and Σk denotes summation over significant turn types. The variable ASA_zero is a dummy variable that takes the value 1 if ASA is zero, and 0 otherwise. Minus2α is dropped so as not to bias the LPM, because the set of non-O-glycosylated proteins only has an N (i.e., there is no amino acid variation, by design) at minus 2. Thus, retaining Minus2α with α ≠ N will flag amino acids (other than N) present at minus 2 only whenever Yj = 1, which would be inappropriate. Amino acids A, D, F and K dominate the 998 human proteins at minus 2; and D, F, K, R and S dominate the remaining 107 non-human proteins. The set of O-glycosylated sequences have no N at minus 2. Also, note that OOS_wstw is not used as the set of non-O-glycosylated sequences, because it will lead to the perfect, but trivial, model: Yj = 1 -minus1W. In this case, one option is to estimate the LPM by ignoring the amino acids on either side of the S/T-site. However, this does not improve LPM predictive capability materially. More importantly, it would be of interest to find sequences with the W-S/T-W sequon that do "something" (e.g., C-glycosylation with W-S/T-W-W or W-S/T-W-C sequons) rather than "nothing" (or staying "silent"); and then refit the LPM to see how well it discriminates between O-glycosylated and non-O-glycosylatable sequences. In addition, if structural data is included for LPM estimation, solid predictive power would likely be the outcome.
The selected LPM, shown in Table 11 , is estimated on 1,083 (human) N-glycosylated proteins and 987 O-glycosylated proteins. As in Gana et al. [34] , N-glycosylated sites with a single sugar are deleted from the estimation data because these may be false positives given the known artifacts from crystallization. As detailed in Gana et al. [34] , the LPM is selected using the stepwise selection method [49] [50] [51] in conjunction with 10-fold crossvalidation [52] [53] [54] [55] [56] to minimize the prediction residual sum of squared errors (PRESS), which has a point of contact with the Brier Score [57, 58] . Because the LS estimated LPM produces heteroscedastic errors (i.e., residuals with varying variances), it was confirmed that stepwise selected significant variables continued to remain significant when reevaluated in terms of heteroscedasticity-consistent standard errors [59] , as a first approximation. Because the exact functional form of the LPM error variance is known, RR is applied to the stepwise selected LPM to reconfirm that all variables continue to be statistically significant. This is done by re-estimating the stepwise selected LPM by RR so the predicted values of Yj are forced to lie in [60] the 0-1 interval and estimating the error variances [29] : (RR predicted Yj ) × (1 -RR predicted Yj ). The optimal value of the RR tuning parameter, k, for which all of the aforesaid predictions fall in the range 0-1 is 3.77895. Using these variances as weights, the LPM is re-estimated using classical weighted LS (WLS). If variables with p-values greater than 5% result, the entire LPM estimation process is redone until all variables are significant at 5%.
The number of amino acid and position combinations found to be significant in the selected LPM is 76. Model parsimony (e.g., favoring retaining fewer, rather than more, explanatory variables) is not sought, because it is not at all clear that Nature is "inefficient", or provides redundant information, by making irrelevant the placement of certain amino acids in certain positions along the sequence. The selected LPM yields an in-sample Kolmogorov-Smirnov (KS) statistic of about 99.2%, which signals a reasonable degree of discrimination between O-and non-O-glycosylated proteins. The maximum separation for the KS statistic [61] [62] [63] [64] [65] occurs at the predicted probability value of about 43%. The average (in-sample) predicted probabilities of O-glycosylation when Yj = 0 and Yj = 1 are about 1% and 98%, respectively. The standard deviations of predicted probabilities of O-glycosylation when Yj = 0 and Yj = 1 are about 11% and 7%, respectively. The Durbin-Watson (DW) statistic [66, 67] for the LPM is about 1.5. The nine mispredictions made by the LPM, in-sample, are documented in Table 12 . The accessions in Table 12 are not annotated in UniProt to be glycosylated except for Q16566 (O-linked), Q92854 (N-linked), and P31749 (phosphorylated). Thus, how many sequences in Table 12 are truly false positives, remains to be seen. It has been observed that amino acid P is usually present around O-glycosylation sites; and that O-glycosylation tends to occur more in the beta-strands of proteins [68, 69] indicating the significance of proline around the S/T-site. However, indicates that the likelihood of O-glycosylation tends to be more favorable in the beta hairpins and beta bridges of proteins.
In ASA_zero is significant. This appears to be "unusual" because only 2 sequences in the LPM estimation data, both of which are experimentally deemed to be O-GlcNAc glycosylated, have ASA values of 0. ASA_zero has a point of contact with the concept of an "observation-specific" dummy variable [70] [71] [72] [73] . The two sequences with ASA values of 0 are shown in Table 13 . An important biological question is whether sequences not exposed at all, but with other O-glycosylation friendly characteristics, have a greater propensity to be O-glycosylated. ASA is not significant in the LPM. As the two data subsets of sequences in the LPM estimation dataset are either O-or N-glycosylated, it appears that differences in ASA, between N-and O-glycosylated sequences does not rise to the level of a predictor variable in the fitted LPM. The empirical cumulative probability distribution functions (CDFs) for ASA, by estimation data subset, is shown in Figure 2 . The mean/median ASA values, shown in Figure 2 , differ by LPM estimation data subset. In particular, it appears that ASA values for N-glycosylated sequences are generally "larger" than those for O-GlcNAc glycosylated sequences. Interestingly, the Wilcoxon rank sum test [41] indicates that the ASA value for N-glycosylated sequences is "stochastically larger" [74] than the ASA value for O-GlcNAc glycosylated sequences. The p-value of this test is about 3.6%. If the KS test is applied, the p-value drops to nearly zero (3.96e-13). However, because the first p-value is less than 5%, it would be of interest to retest this phenomenon with larger data to see if one can get significantly lower p-values, say less than 0.5% [75] with the Wilcoxon rank sum test. 
LPM predictions using only sequence data
The LPM in Table 14 employs only sequence data. The optimal value of k for which all predictions are in the 0-1 range is 1.4357. With this k, the LPM in Table 14 is estimated by WLS and produces a KS statistic of about 80.4%, which is a steep drop from 99.2% and underscores the germaneness of structural information. Absent 3D structure, this loss in LPM predictive power is not surprising, considering that the same site is used by two fundamental PTM processes driven by conformational flexibility. Maximum separation occurs at the predicted probability value of about 49%. The DW statistic value is about 1.12, indicating, as expected, missing explanatory variables (e.g., structural information) in the LPM as specified. This LPM produced only one prediction outside the 0-1 range flagging a protein deemed to be O-glycosylated in the data with a negative (or zero) "probability" (≈ -7.2%) of O-glycosylation; its UniProt Accession No., UniProt position, protein length, and sequence are Q16566, 58, 473, and VESELGRGATSIVYRCKQKGT, respectively. The LPM in 
Concluding Remarks
In order to clarify why the LPM methodology used herein is appropriate, we discuss several points in a question-answer format, in this section.
Is the LPM a valid methodology to model a binary response?
The short answer is "yes". However, a longer answer is needed because it is quite unfashionable to use the LPM these days. And that perception needs to be addressed.
The LPM is fairly well-known to econometricians and statisticians [28, [76] [77] [78] [79] [80] [81] suggested estimating E(Yi) by ordinary LS (OLS), and then re-estimating the model by WLS to achieve homoscedasticity (i.e., constant residual variance) with E(Yi)(1 -E(Yi)) as the "weights". The primary attraction of the LPM is its simplicity. In large samples, the non-normality of u does not matter. The LPM produces consistent coefficients [32] . And the problem of getting predictions that lie outside the 0-1 range is not an asymptotic one [33] . Yes, "probabilities" less than 0 or greater than 1 can hinder empirical work with finite samples; but, only if those probabilities, per se, are used for something. In our case, probabilities less than 0 are interpreted as nearly 0 and those greater than 1 as nearly 1. This is so, because we are only interested in whether or not a sequence is O-glycosylated by assessing whether or not its probability of O-glycosylation is greater or less than 50%, respectively. The numerical value, per se, of the estimated probability of O-glycosylation below or above this threshold does not matter to us.
Rounding LPM predictions that are less than 0 to a small number close to 0 (e.g., 0.001), and those greater than 1 to a number close to 1 (e.g., 0.999), is a well-known method to constrain the LPM predictions within the 0-1 range. In another approach, the sum of squared errors is minimized subject to the constraints 0 ≤ Xb ≤ 1 [82] . OLS LPM predictions are used to reestimate the LPM using WLS to overcome the problem of heteroscedasticity. Another method uses the absolute values of the weights to do WLS estimation. Another method uses only OLS predictions that are in the 0-1 range to do WLS estimation [83] . In another method, the weights are bounded and negative weights are assigned a constant value [84] . Another method generalizes the last two methods ( [85] , [84] , [86] ). A limitation of these methods is that their sampling properties are not available. So, we use RR to construct the weights [29] .
To avoid the problem, in finite samples, of LPM estimates falling outside of the 0-1 range, logistic regression is a greatly favored alternative to the LPM [87] . The logit model mathematically forces the estimates of Y to lie in the 0-1 range by the transformation: log(Y ÷ (1 -Y)) = Xb + u; and then estimates Y. In contrast, an alternative transformation is to use RR to force the estimates of Y in the 0-1 range. However, there is no a priori reason that says one way of constraining the estimates of Y to behave like "probabilities" is "superior" to the other. Furthermore, given that most of the predictors in our model (EQ1) are also binary variables, it is not at all clear that Nature prefers the likelihood of O-glycosylation to vary along an ogive-or sigmoid-like surface, rather than linearly. Nature's preference is even less clear when most of the predictors, as in our case, are 0-1 dummies.
This naturally leads to the question of whether our fitted model satisfies the assumptions of a linear model. For the LPM, the error (residual) term is never normal; rather it is binomial. Furthermore, the error term is not observable -we only observe the final binary outcome in Nature. For large samples the central limit theorem guarantees that LPM errors converge to a normal distribution [88] . Although LPM errors are not observable, one way to approximate them is to simply compute them like in ordinary linear regression with a continuous dependent variable -i.e., take the difference of the binary dependent variable, Y, and the corresponding LPM prediction; and compute the average squared error, which is the Brier Score. For our model in Table 11 , Figure 3 indicates that our sample size is approximately normal with a concentration of small errors in the range -0.04 to +0.04. A normal distribution with a mean of about 0.0025 (which is close to 0) and a standard deviation of about 0.1 fits Figure 3 approximately. Table 11 Cook's distance is used to test for the presence of outliers [89, 90] . We use the rule of thumb that Cook's distances (Ds) greater than 0.5 may be problematic. Cook's D are shown in Figure 4 , which indicates that the assumption of no outliers is a satisfactory one. Table 11 In the LPM, a unit increase in an independent variable, holding the other independent variables at fixed values, leads to a constant increase in the dependent variable. Because most of our independent variables in the LPM are binary, this is indeed the case. However, for the two continuous variables, the question is whether this constant "partial derivative" or "marginal" effect of an independent variable on the dependent variable holds. In a logit model, for example, this marginal effect varies with the independent variable. A plot of the residuals versus the two continuous variables in our LPM in Table 11 is shown in Figure  5 . This plot indicates fairly random scatters. Thus, the constant linear marginal effect assumption is satisfactory.
Figure 5: LPM residuals vs. pos and phi angle
The LPM is a heteroscedastic model by construction. We first used White's procedure [58] to correct for it. This LS estimated LPM with its heteroscedasticity consistent |t| values is shown in Table 15 . Because the form of the heteroscedasticity in the LPM is known, we had also used WLS to correct for it. This was done by estimating Y by RR in such a manner so as to guarantee that the predicted Y lies in the unit interval [29] . The plots of the actual observations (which are binary) vs. the RR predictions and the final WLS predictions of our model in Table 11 are shown in the left-hand and right-hand panels of Figure 6 , respectively. 
Y
The RR predicted Y in the left-hand panel of Figure 6 was used to estimate the LPM residual variances (this is the "first stage" LPM), so the problem of non-constant variances in the LPM could be corrected for by using WLS. As can be visually observed in the lefthand panel, all predictions are constrained to lie in the 0-1 range for the smallest value of k [29] . That is, similar to logistic regression, a mathematical constraint has been imposed on the predicted Y. In logistic regression this is done via a transformation; here it is done by constraining the estimated coefficients. It is also known [30, 31] that the RR predicted LPM (in the left-hand panel of Figure 6 ) is also a competitive model. That is, one does not necessarily have to compute the predictions in the right-hand panel of Figure 6 , because RR has the capability to account for non-constant residual variances [30] . The thing to note is that the KS drops and the Brier score increases in the left-hand panel of Figure 6 relative to the corresponding values in the right-hand panel [57] . This may be interpretable as the "cost" for constraining the predicted Y to lie in the 0-1 range, rather than leveraging the asymptotic property that predictions outside the 0-1 range do not matter in large samples.
What is the RR estimated LPM ANOVA?
The RR estimated LPM that generated Figure 6 is shown in Table 16 . The RR estimated standard errors for the coefficients are also shown in Table 16 . Because RR produces noninteger degrees of freedom, unlike in classical LS estimation, the resultant RR analysis of variance (ANOVA) table is shown in Table 17 [91] . Note that the RR estimated mean square error (MSE) is about 0.0827, which is very much like the Brier Score in the lefthand panel of Figure 6 . RR produces an approximate, but not exact, F-ratio (for nonstochastic k) in the ANOVA table in Table 17 , which is about 341 [92] . The angle between the regression vector and the residual vector is about 37⁰, which measures "how much the residual vector deviates from being orthogonal to the X space as it is in least squares" [95] [93]. 
Is the lasso penalized logit model (LPLM) more appropriate than the LPM to estimate Y?
The concept of the "lasso" penalty to model a dataset in which the number of predictors exceeds the number of observations goes back, at least, to the 1970s [94] [95] [96] . Later it was made fashionable by describing its applicability to statistical model selection [96] .
The LPLM is estimated by minimizing the negative log-likelihood function, L(·), subject to the constraint that the sum of the absolute values of the coefficients is less than or equal to some value -that is,
||b||1 ≤ t, where log[(Pr(Y=1) ÷ (1 -Pr(Y=1))] = Xb and ||v||p
denotes the "p-norm" of a vector v. In contrast, RR uses the constraint (||b||2) 2 ≤ t. That is, the sum of squared coefficients, instead of absolute coefficients, is constrained. In Lagrangian form [97, 98] , the LPLM optimization problem can be recast as: minimize -L(·) + λ × sum(|b|). This minimization is done using Nesterov's method [99] . Here, a regularization parameter, ρ i , where 0 < ρ < 1 and i is the i th step in Lasso selection, is used for λ in the i th step. Variable subset selection, via the Lasso, is done, using up to 200 steps, so as to minimize the Schwarz Bayesian Criterion (SBC) [100] . In sample, several LPLMs are estimated for different values of ρ and the resultant number of variables (excluding the intercept) selected, the KS statistic values, the Brier Scores, and twice the negative loglikelihood values are shown in Table 18 . In terms of the SBC, the "optimal" LPLM, on the full sample, is the one with ρ = 0.815; and this is also nearly "optimal" in terms of Brier Score and KS statistic value. To assess LPLM performance out of sample as ρ varies, 5-fold cross validation (CV) is done. LPLMs are fit on a set of 4 "training" folds and the Brier Score is calculated on the holdout fold. Thus, for a particular choice of ρ, five out of sample Brier Scores are available. The signal-to-noise ratio (SNR), which is μ/σ, of these 5 Brier Scores is calculated. Per the Rose criterion [101] , SNRs above 5 are deemed to be "good" in the engineering literature. The SNRs are shown in the last row of Table 18 ; and at ρ of 0.82, the SNR is a maximum and satisfies the Rose criterion. Thus, overall, it is reasonable to take ρ = 0.82 as "optimal". The resultant LPLM is shown in Table 19 . An important question is: if the LPLM selected variables drive O-glycosylation in Nature, would they, post-Lasso, continue to be statistically significant if they were put into a classical logit model to reestimate Y ? Psi angle* -0.0011 * / ☼ not significant at 10% in the "equivalent" classical logit model / LPM Using the classical logit model, we reestimated Y with the independent variables in Table  19 . The classical logit model could not be estimated because of the problem of "quasicomplete separation", which makes finding the optimal maximum likelihood solution difficult. This problem arises when Y separates a subset of the predictors to a large enough degree. To resolve this problem, we used Firth's penalized maximum likelihood method [101, 102] . Several predictors (23 of the 51) turn out to be statistically insignificant at the 10% level of significance, and these are noted by asterisks in Table 19 . Next, Y is reestimated using the LPM with the predictors in Table 19 . The predictors that are statistically insignificant (10 of the 51), in terms of White t-values, at the 10% level of significance are noted in Table 19 by the sun-like symbol "☼". The LPM also indicates there is no multicollinearity among the predictors, because all of the VIFs are less than 10. However, the DW statistic drops to 0.8, likely indicating there are missing explanatory variables [85] .
Of course, given a set of predictors, the estimated coefficients produced by the classical logit model, the LPM, and the LPLM are not comparable, because different optimization procedures are used to estimate Y. However, a philosophical question arises. Suppose, Nature operates along a logit surface to reveal the probability of O-glycosylation, given sequence and structural information in the neighborhood of the S/T site; and the Lasso has identified the relevant predictors. It appears to us that the selected predictors should, for the most part, be statistically significant, in the classical sense, when they are put into a classical logit model. The fact that 23 of the 51 LPLM predictors are not significant is troubling.
The rates at which the estimated models mispredict Y as 1 when it is empirically 0 (i.e., not O-glycosylated) in the estimation dataset, and 0 when it is empirically 1 (i.e., Oglycosylated), is shown in Table 20 , together with the fit statistics. A 50% cutoff probability is used to measure the mispredictions rate. As can be seen in Table 20 , our WLS estimated LPM (Table 11) is performing quite well and does have an edge over the other models. This is not surprising. For example, the LPLM selects a subset of variables by setting certain coefficients to exactly 0. In our context, the interpretation of coefficients that are exactly zero is not easy. Coefficients of variables may be 0 if they are "irrelevant" and uncorrelated with the "relevant" variables. If many variables are irrelevant one possibility is that Nature has "wasted" certain amino acids by placing them in certain positions along the sequence; and another possibility is that they are "silent", rather than "wasted". In contrast, RR never sets coefficients to exactly 0. Rather, RR exhibits optimal linear shrinkage of the coefficients [103]. In particular, simulation studies indicate that the performance of RR dominates those of its peers such as partial least squares and principal component regression [103] . If we assume that Nature has not "wasted" amino acids, then RR is better suited to modify coefficients because amino acids in certain positions may have a "small" effect that is not visible. That is, the "relevant" amino acids may dominate the "irrelevant" ones (until a "signal" changes that) in determining the three-dimensional structure of the protein, and, hence, its function. Next, we present an example to clarify this point.
Consider the case of the psi angle. It is not a predictor in Table 11 , but is a predictor in Table 19 . Because the phi and psi angles go together, an important question is whether the LPM in Table 11 failed to capture it as a predictor, while the LPLM in Table 19 captured it. The answer is "no"; because to a significant degree the psi angle is determined by the amino acids and the positions they occupy. To see this, a linear regression is fit with the psi angle as the dependent variable and sequence information as independent variables. The linear regression model is chosen via two steps. In the first step, stepwise variable selection under 5-fold CV is done so as to minimize the CV PRESS. The minimum CV PRESS attained was about 4,253,609 with 106 independent variables in the specification. Then, in the second step, because the model is heteroscedastic, the White t-values [58] are used to retain only those variables that have p-values less than 10% -i.e., variable subset selection is done, manually, using White t-values instead of classical t-values. The selected model is in Table 21 . The model in Table 21 has 99 variables, and an adjusted R 2 of about 76%. However, its standardized (studentized) residuals are not normally distributed as indicated by the Q-Q plot in Figure 7 [104] . This is not surprising, because psi is a "circular" measure and has heavy tails as can be seen by its tendency to cluster (with phi) in certain (and remain sparse in other) regions of the X-Y plane, which can be seen in the Ramachandran plot in Figure  8 [105] . The non-normality of the residuals indicates the need to do more work to normalize psi. However, as fitting a model to psi is not the focus of this paper, we did not pursue that goal at this time (our focus is on answering the question raised in the last paragraph). Nonetheless, the t-values can be viewed as approximations (e.g., SNRs) for model selection by viewing linear regression, in this case, as purely an optimization method. In particular, we held the 99 variables in Table 21 "constant" and redid 5-fold CV 50 times to study the variability in out of sample CV PRESS values. We did this because we noted that in the second step used to select the model (based on White's t-values), the new CVPRESS tends to exceed the minimum CV PRESS of about 4,253,609 -the reduction of 106 variables to 99 variables is fairly small and likely explains this movement. This variability, with its associated summary statistics, is shown in Figure 9 by plotting the percentage increase in each new CV PRESS over the minimal CV PRESS (i.e., 4,253,609). Figure 9 indicates that this variation is about 4.5% on average, which is not large enough to reject the assumption that the distribution of amino acids along the sequence plays a significant role in determining structure and, hence, function. Future research can more precisely mathematize this role. Table 21 is subject to 5-fold CV 50 times
The number of times predictors are selected by the LPLM as ρ varies in Table 18 is shown in Table 22 . In particular, ρ takes 13 values in Table 18 . For each ρ, an optimal LPLM is selected. In all, there are 13 optimal LPLMs. All possible variables are shown in a rectangular format in Table 22 . The positions of amino acids along the sequence is shown in an "integer line" format in the penultimate row of Table 22 . So, for example, if we are at position number 3 to the right of S/T in Table 22 and go up vertically 5 "cells" we would arrive at the row for amino acid G; and this cell would represent the dummy variable p3G -that is, the dummy variable representing amino acid G in position +3. The variables (predictors) in the LPM of Table 11 are shaded in green in Table 22 . For the 13 LPLMs, the frequency with which a predictor occurs in the LPLMs is noted in Table 22 . For example, the number 12 in cell (-3, G) in Table 22 means that 12 of the 13 LPLMs had m3G as a predictor. Similarly, the 13 in cell (8, N) means that p8N was selected as a predictor by all of the 13 LPLMs; and, additionally, because this cell is shaded green, p8N is also a predictor in the selected LPM of Table 11 . As another contrasting example, the predictor BH (Beta Hairpin) was only selected in 3 of the 13 LPLMs, but is in the LPM of Table 11 . In summary, the wide variation in subsets of selected LPLM predictors, as ρ varies, is captured in Table 22 . Table 11 are shaded in green.
How do fit statistics like the KS statistic and the Brier Score vary for the selected LPM?
The KS statistic is an alternative measure to the well-known Gini coefficient ( [105] [106] [107] and [108] ). The KS statistic for the LPM in Table 11 is 99.2%; and the corresponding Brier Score is 0.0094 (see Figure 6 ). To study the out of sample variation in KS statistic and Brier Score, we reestimate the coefficients of the LPM in Table 15 under 5-fold CV, 100 times. That is, the predictors of this LPM are held "constant" and only their coefficients are reestimated by pooling the data in 4 of the 5 randomly selected folds; and then calculating the KS statistic and Brier Score on the remaining fold. This exercise is done 5 times for a random selection of 5 folds. That is, 5 LPMs are estimated by partitioning the 5 folds into 5 sets of "training" and "validation" samples; where a training sample includes the data in 4 of the 5 folds, and the remaining fold is used as the validation sample. In turn, random selection of 5 folds is done 20 times. Thus, 100 KS statistics and Brier Scores are produced on sample sizes of about 400 each (the estimation sample size is 2,070).
The LPM in Table 15 instead of the one in Table 11 is selected for this exercise because it is simpler for our purpose. In particular, the difference between the two LPMs is the correction for heteroscedasticity, which is only a problem impacting the standard error of the coefficients, not their consistency. The results of this exercise are shown in Figure 10 , which indicates that the variation in these fit statistics is restricted to fairly narrow bands. Thus, there is nothing unreasonable in LPM performance. ASA measures the extent to which a sequence is exposed. As mentioned previously there are two sequences in our data that have ASA values of 0, but are deemed to be Oglycosylated. In our model, ASA_zero is a statistically significant variable. Because of its special status as an "observation specific" dummy variable, it is not estimable within the classical logit modeling framework [71] . Its statistical significance, and persistence during CV, raises the open question of whether sequences that are not exposed at all have a greater propensity to be O-glycosylated. Although, we do not know the answer to that, we think that until empirical evidence to the contrary comes up, it does not hurt keeping ASA_zero in the LPM. Furthermore, the good news is that dropping it from the model does not change any of our major conclusions. That is, in our case, dropping ASA_zero as an explanatory variable, simply allowed its effect to be distributed among the other coefficients without disrupting anything. However, we did not drop it, because it is of interest to consider (until evidence to the contrary) its marginal contribution toward encouraging O-glycosylation.
The presence of ASA_zero in the LPM, but not ASA, raises another important question: is ASA_zero a spurious dummy variable in the LPM, because the fundamental variable underlying it, ASA, is not in the LPM? The answer is "no". And we discuss the reason for this next.
The ultimate assumption underlying this paper is that the amino acids and the positions they occupy along the sequence are the "building blocks" leading to O-glycosylation. This means a significant amount of the information carried by ASA should be embedded in the amino acids and the positions they occupy in the sequences. To test this assumption, we searched for a linear regression model with the natural logarithm (log) of ASA as the dependent variable and sequence information as independent variables. Our search followed the same principles that were used to model psi. We used the log transformation to get ASA "closer" to normality, and, as a consequence, the two observations with ASA values of 0 also get eliminated from the estimation dataset (because log(0) is undefined). ASA, like psi, has "heavy" tails. The selected model is shown in Table 23 . The model has 103 predictors and an adjusted R 2 of about 80%. Its in-sample average squared error (ASE) is about 0.0425. The studentized residual distribution in Figure 11 show the heavy tails; but, a reasonable amount of symmetry is preserved. The model predicts that the two sequences with Uniprot Accession Numbers P02730 and P 32119, which have empirical ASA values of 0 (see Table 13 ), have predicted ASA values of about 32.5 and 24.0, respectively.
The information content in ASA generated by the amino acids and the positions they occupy along the sequence can be measured by how well the regression model estimates of log(ASA) can discriminate between O-and non-O-glycosylated sequences (i.e., Y=1 vs. Y=0). The KS statistic would be a measure of this. In the estimation sample, if Y is ranked by estimated log(ASA), the resultant KS statistic is about 32.0%, which is a strong enough value to not reject the assumption that the distribution of amino acids along the sequence does meaningfully drive ASA. Like in the case of psi, we do 5-fold CV (holding the 103 predictors "constant"), 20 times, to study the variability in the resultant 100 realizations of the out of sample ASEs and KS statistics. These variabilities, which are not unreasonable relative to the baseline ASE and KS statistic, are shown in Figure 12 . The baseline ASE and KS statistic are for the model in Table 23 , which is fit on the full sample. Table 23 Is it valid to use mixed data from PTMs occurring in different parts of the cell to estimate the LPM? The PTMs occur in different parts of the cell by a very complex process involving many different enzymes. For example, the initial processing of the N-glycosylation occurs in the rough ER and the process ends in the Golgi apparatus; phosphorylation occurs in the cytoplasm/nucleus; and O-GlcNAc proteins are also cytosolic/nuclear. So, the question is whether our "control" dataset (i.e., N-glycosylated sequences) is the correct "negative control"? The answer is "yes". By virtue of their differences in their mechanisms and cellular compartmentalization, it makes logical sense to use N-glycosylated sequences as the negative control for O-glycosylation. For example, in the absence of a consensus sequon for O-glycosylated sequences, using sequences with the S/T motif within the Oglycosylated set of sequences makes little sense because there is no guarantee that such sequences will not get O-glycosylated.
The LPM models a binary outcome. For example, when tossing a "fair" coin, if one wants to model (using the LPM, say) whether the coin will come down as "head", then one needs to start with two distinct data subsets: a set of heads and a set of tails [109] . One cannot have entries in the set of tails (the "control") that may also be heads. From physics, we know that the outcome of the toss is exact, not probabilistic [109] . However, given the mathematical complexity of, and the instrumentation needed for, making this prediction based on the laws of physics (e.g., Newton's laws), we use the language of probability, instead of physics, to estimate the outcome [110] . In particular, we say the probability of "head" is 50%. But, although this statement is false in theory, the methodology used is an important approximation that can be quite useful in practice, and for guiding experimental work.
Similarly, our use of the complex concept called "probability" in this paper does not imply that we are saying there is a fundamental or intrinsic randomness in how a sequence folds and becomes sugar linked; rather, we are saying that given the underlying complexity of this process (as in the case of the coin toss), our methodology, which depends on probabilistic ideas, may represent a reasonable approximation (via rank-ordering) to facilitate predicting whether a sequence is O-glycosylated [85] . Now the way we do this, is by starting with "partial" or "incomplete" information. That is, we start with explanatory variables in the ±10 positions around the S/T site. The distribution of amino acids in this neighborhood is considered. And the structural information at S/T is considered. For example, we have not considered the distribution of amino acids further away from S/T, which must also carry key information. So, for example, the LPM is "unaware" of the existence of the signal peptide in N-glycosylated proteins that sends it to a specific part of the cell.
So, we assumed that sequence and structural information in the neighborhood of the S/T site is sufficient for predicting the likelihood of O-glycosylation. To validate this assumption, we started with Table 9 , which indicates that the proportion of O-glycosylated proteins having the N -~ P -S/T sequon is tiny (1.22% of O-GlcNAc and 0.77% of OGalNAc proteins). Given this empirical observation, we assumed that the "signature" N -~ P -S/T discourages O-glycosylation -i.e., it appears to be an approximate inhibitor of O-glycosylation. Now, a reason that only a tiny number of sequences with the N -~ P -S/T sequon are O-glycosylated may be because the remaining signature around the Oglycosylated S/T site is quite similar to the corresponding one around the N-glycosylated S/T site. And, there may be some "signal" outside of our chosen ±10 neighborhood that may occasionally allow a protein with the N -~ P -S/T sequon to get O-glycosylated. However, the LPM is not trained on data outside of the ±10 neighborhood and, thus, such a signal, if it were to exist, is unobservable from the LPM's frame of reference. So, our selecting the N-glycosylated sequences as the negative control set is independent of cell "compartments". We are simply training the LPM on the signatures around the ±10 neighborhood of the N-and O-glycosylated sequences. Furthermore, if our assumption regarding the signature is unreasonable, we would have seen material deterioration in prediction accuracy under CV, but did not. The LPM with sequence and structural data as explanatory variables yields a KolmogorovSmirnov (KS) statistic value of 99%. With only sequence data, the KS statistic erodes to 80%. With 50% as the cutoff probability for predicting O-GlcNAc glycosylation, this LPM mispredicts 21% of out-of-sample O-GlcNAc glycosylated sequences as not being glycosylated. The 95% confidence interval around this mispredictions rate is 16% to 26%.
The consensus composite sequon for O-glycosylation is ~ (W-S/T-W), where "~" denotes the "not" operator. This means ~W -S/T -W, W -S/T -~W, or ~W -S/T -~W
Several other studies are available for the predicting the likelihood of O-glycosylation. These studies have employed "machine learning" techniques, like random forests and factor analysis, to predict O-glycosylation [111] [112] [113] [114] . However, this approach was not pursued in this paper because the focus herein is on the explanatory process driving Oglycosylation. Thus, classical hypothesis testing is germane to the present work, and algorithmic modeling with its pervasive focus on prediction is not, in this paper, an end in itself. In this sense, Cox's crucial comment to Breiman is echoed, which is that the "starting point" in this paper is not the data, but the underlying process generating it [115] . Furthermore, echoing Cox, again, the preference in this paper is to avoid proceeding with "a directly empirical black-box approach" in favor of trying to "take account of some underlying explanatory process" that can be simply represented by the LPM. In this context, the Lasso penalized logistic model was also fit to the data. However, it was found that the LPM is quite competitive with it, and provides a simpler mechanistic understanding of the O-glycosylation prediction process.
